
Cramér–Lundberg
Asymptotics

In risk theory, the classical risk model is a
compound Poisson risk model. In the classical
risk model, the number of claims up to time t ≥ 0
is assumed to be a Poisson process N(t) with a
Poisson rate of λ > 0; the size or amount of the
i th claim is a nonnegative random variable Xi , i =
1, 2, . . .; {X1, X2, . . .} are assumed to be independent
and identically distributed with common distribution
function P(x) = Pr{X1 ≤ x} and common mean µ =∫ ∞

0 P(x) dx > 0; and the claim sizes {X1, X2, . . .}
are independent of the claim number process {N(t),
t ≥ 0}. Suppose that an insurer charges premiums at
a constant rate of c > λµ, then the surplus at time
t of the insurer with an initial capital of u ≥ 0 is
given by

X(t) = u + ct −
N(t)∑
i=1

Xi, t ≥ 0. (1)

One of the key quantities in the classical risk model is
the ruin probability, denoted by ψ(u) as a function
of u ≥ 0, which is the probability that the surplus of
the insurer is below zero at some time, namely,

ψ(u) = Pr{X(t) < 0 for some t > 0}. (2)

To avoid ruin with certainty or ψ(u) = 1, it is neces-
sary to assume that the safety loading θ , defined by
θ = (c − λµ)/(λµ), is positive, or θ > 0. By using
renewal arguments and conditioning on the time and
size of the first claim, it can be shown (e.g. (6) on
page 6 of [25]) that the ruin probability satisfies the
following integral equation, namely,

ψ(u) = λ

c

∫ ∞

u

P (y) dy + λ

c

∫ u

0
ψ(u − y)P (y) dy,

(3)

where throughout this article, B(x) = 1 − B(x)

denotes the tail of a distribution function B(x).
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In general, it is very difficult to derive explicit
and closed expressions for the ruin probability. How-
ever, under suitable conditions, one can obtain some
approximations to the ruin probability.

The pioneering works on approximations to
the ruin probability were achieved by Cramér
and Lundberg as early as the 1930s under the
Cramér–Lundberg condition. This condition is to
assume that there exists a constant κ > 0, called
the adjustment coefficient, satisfying the following
Lundberg equation

∫ ∞

0
eκxP (x) dx = c

λ
,

or equivalently
∫ ∞

0
eκx dF(x) = 1 + θ, (4)

where F(x) = (1/µ)
∫ x

0 P (y) dy is the equilibrium
distribution of P.

Under the condition (4), the Cramér–Lundberg
asymptotic formula states that if

∫ ∞

0
xeκx dF(x) < ∞,

then

ψ(u) ∼ θµ

κ

∫ ∞

0
yeκyP (y) dy

e−κu as u → ∞. (5)

If ∫ ∞

0
xeκx dF(x) = ∞, (6)

then

ψ(u) = o(e−κu) as u → ∞; (7)

and meanwhile, the Lundberg inequality states that

ψ(u) ≤ e−κu, u ≥ 0, (8)

where a(x) ∼ b(x) as x → ∞ means limx→∞ a(x)/
b(x) = 1.

The asymptotic formula (5) provides an expo-
nential asymptotic estimate for the ruin probability
as u → ∞, while the Lundberg inequality (8) gives
an exponential upper bound for the ruin probabil-
ity for all u ≥ 0. These two results constitute the
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well-known Cramér–Lundberg approximations for
the ruin probability in the classical risk model.

When the claim sizes are exponentially distributed,
that is, P (x) = e−x/µ, x ≥ 0, the ruin probability has
an explicit expression given by

ψ(u) = 1

1 + θ
exp

{
− θ

(1 + θ)µ
u

}
, u ≥ 0.

(9)

Thus, the Cramér–Lundberg asymptotic formula is
exact when the claim sizes are exponentially dis-
tributed. Further, the Lundberg upper bound can be
improved so that the improved Lundberg upper bound
is also exact when the claim sizes are exponen-
tially distributed. Indeed, it can be proved under the
Cramér–Lundberg condition (e.g. [6, 26, 28, 45]) that

ψ(u) ≤ βe−κu, u ≥ 0, (10)

where β is a constant, given by

β−1 = inf
0≤t<∞

∫ ∞

t

eκy dF(y)

eκtF (t)
,

and satisfies 0 < β ≤ 1.
This improved Lundberg upper bound (10) equals

the ruin probability when the claim sizes are exponen-
tially distributed. In fact, the constant β in (10) has
an explicit expression of β = 1/(1 + θ) if the dis-
tribution F has a decreasing failure rate; see, for
example [45], for details.

The Cramér–Lundberg approximations provide an
exponential description of the ruin probability in the
classical risk model. They have become two standard
results on ruin probabilities in risk theory.

The original proofs of the Cramér–Lundberg
approximations were based on Wiener–Hopf meth-
ods and can be found in Cramér [8, 9] and Lund-
berg [29, 30]. However, these two results can be
proved in different ways now. For example, the mar-
tingale approach of Gerber [20, 21], Wald’s identity
in [35], and the induction method in [24] have been
used to prove the Lundberg inequality. Further, since
the integral equation (3) can be rewritten as the fol-
lowing defective renewal equation

ψ(u) = 1

1 + θ
F (u) + 1

1 + θ

∫ u

0
ψ(u − x) dF(x),

u ≥ 0, (11)

the Cramér–Lundberg asymptotic formula can be
obtained simply from the key renewal theorem for
the solution of a defective renewal equation, see,
for instance [17]. All these methods are much sim-
pler than the Wiener–Hopf methods used by Cramér
and Lundberg and have been used extensively in
risk theory and other disciplines. In particular, the
martingale approach is a powerful tool for deriving
exponential inequalities for ruin probabilities. See, for
example [10], for a review on this topic. In addi-
tion, the induction method is very effective for one
to improve and generalize the Lundberg inequality.
The applications of the method for the generaliza-
tions and improvements of the Lundberg inequality
can be found in [7, 41, 42, 44, 45].

Further, the key renewal theorem has become a
standard method for deriving exponential asymptotic
formulae for ruin probabilities and related ruin quan-
tities, such as the distributions of the surplus just
before ruin, the deficit at ruin, and the amount of
claim causing ruin; see, for example [23, 45].

Moreover, the Cramér–Lundberg asymptotic for-
mula is also available for the solution to defec-
tive renewal equation, see, for example [19, 39] for
details. Also, a generalized Lundberg inequality for
the solution to defective renewal equation can be
found in [43].

On the other hand, the solution to the defective
renewal equation (11) can be expressed as the tail of
a compound geometric distribution, namely,

ψ(u) = θ

1 + θ

∞∑
n=1

(
1

1 + θ

)n

F (n)(u), u ≥ 0,

(12)

where F (n)(x) is the n-fold convolution of the dis-
tribution function F(x). This expression is known as
Beekman’s convolution series.

Thus, the ruin probability in the classical risk
model can be characterized as the tail of a compound
geometric distribution. Indeed, the Cramér–Lundberg
asymptotic formula and the Lundberg inequality can
be stated generally for the tail of a compound geo-
metric distribution. The tail of a compound geometric
distribution is a very useful probability model arising
in many applied probability fields such as risk the-
ory, queueing, and reliability. More applications of
a compound geometric distribution in risk theory can
be found in [27, 45], and among others.
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It is clear that the Cramér–Lundberg condition
plays a critical role in the Cramér–Lundberg
approximations. However, there are many interesting
claim size distributions that do not satisfy the
Cramér–Lundberg condition. For example, when the
moment generating function of a distribution does not
exist or a distribution is heavy-tailed such as Pareto
and lognormal distributions, the Cramér–Lundberg
condition is not valid. Further, even if the moment
generating function of a distribution exists, the
Cramér–Lundberg condition may still fail. In fact,
there exist some claim size distributions, including
certain inverse Gaussian and generalized inverse
Gaussian distributions, so that for any r > 0 with∫ ∞

0 erx dF(x) < ∞,

∫ ∞

0
erx dF(x) < 1 + θ.

Such distributions are said to be medium tailed; see,
for example, [13] for details.

For these medium- and heavy-tailed claim size dis-
tributions, the Cramér–Lundberg approximations are
not applicable. Indeed, the asymptotic behaviors of
the ruin probability in these cases are totally differ-
ent from those when the Cramér–Lundberg condition
holds. For instance, if F is a subexponential distri-
bution, which means

lim
x→∞

F (2)(x)

F (x)
= 2, (13)

then the ruin probability ψ(u) has the following
asymptotic form

ψ(u) ∼ 1

θ
F (u) as u → ∞,

which implies that ruin is asymptotically determined
by a large claim. A review of the asymptotic behav-
iors of the ruin probability with medium- and heavy-
tailed claim size distributions can be found in [15,
16].

However, the Cramér–Lundberg condition can be
generalized so that a generalized Lundberg inequality
holds for more general claim size distributions. In
doing so, we recall from the theory of stochastic
orderings that a distribution B supported on [0, ∞)

is said to be new worse than used (NWU) if for any
x ≥ 0 and y ≥ 0,

B(x + y) ≥ B(x)B(y). (14)

In particular, an exponential distribution is an exam-
ple of an NWU distribution when the equality holds
in (14).

Willmot [41] used an NWU distribution function
to replace the exponential function in the Lundberg
equation (4) and assumed that there exists an NWU
distribution B so that∫ ∞

0
(B(x))−1 dF(x) = 1 + θ. (15)

Under the condition (15), Willmot [41] derived a
generalized Lundberg upper bound for the ruin prob-
ability, which states that

ψ(u) ≤ B(u), u ≥ 0. (16)

The condition (15) can be satisfied by some medium
and heavy-tailed claim size distributions. See, [6, 41,
42, 45] for more discussions on this aspect. However,
the condition (15) still fails for some claim size
distributions; see, for example, [6] for the explanation
of this case.

Dickson [11] adopted a truncated Lundberg con-
dition and assumed that for any u > 0 there exists a
constant κu > 0 so that

∫ u

0
eκux dF(x) = 1 + θ. (17)

Under the truncated condition (17), Dickson [11]
derived an upper bound for the ruin probability, and
further Cai and Garrido [7] gave an improved upper
bound and a lower bound for the ruin probability,
which state that

θe−2κuu + F(u)

θ + F(u)
≤ ψ(u) ≤ θe−κuu + F(u)

θ + F(u)
, u > 0.

(18)

The truncated condition (17) applies to any pos-
itive claim size distribution with a finite mean. In
addition, even when the Cramér–Lundberg condition
holds, the upper bound in (18) may be tighter than
the Lundberg upper bound; see [7] for details.

The Cramér–Lundberg approximations are also
available for ruin probabilities in some more general
risk models. For instance, if the claim number process
N(t) in the classical risk model is assumed to be a
renewal process, the resulting risk model is called
the compound renewal risk model or the Sparre
Andersen risk model. In this risk model, interclaim
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times {T1, T2, . . .} form a sequence of independent
and identically distributed positive random variables
with common distribution function G(t) and common
mean

∫ ∞
0 G(t) dt = (1/α) > 0. The ruin probabil-

ity in the Sparre Andersen risk model, denoted by
ψ0(u), satisfies the same defective renewal equation
as (11) for ψ(u) and is thus the tail of a compound
geometric distribution. However, the underlying dis-
tribution in the defective renewal equation in this case
is unknown in general; see, for example, [14, 25] for
details.

Suppose that there exists a constant κ0 > 0 so that

E(eκ0(X1−cT1)) = 1. (19)

Thus, under the condition (19), by the key renewal
theorem, we have

ψ0(u) ∼ C0e−κ0u as u → ∞, (20)

where C0 > 0 is a constant. Unfortunately, the
constant C0 is unknown since it depends on
the unknown underlying distribution. However, the
Lundberg inequality holds for the ruin probability
ψ0(u), which states that

ψ0(u) ≤ e−κ0u, u ≥ 0; (21)

see, for example, [25] for the proofs of these results.
Further, if the claim number process N(t) in the

classical risk model is assumed to be a station-
ary renewal process, the resulting risk model is
called the compound stationary renewal risk model.
In this risk model, interclaim times {T1, T2, . . .} form
a sequence of independent positive random variables;
{T2, T3, . . .} have a common distribution function
G(t) as that in the compound renewal risk model;
and T1 has an equilibrium distribution function of
Ge(t) = α

∫ t

0 G(s) ds. The ruin probability in this risk
model, denoted by ψe(u), can be expressed as the
function of ψ0(u), namely

ψe(u) = αµ

c
F(u) + αµ

c

∫ u

0
ψ0(u − x) dF(x),

(22)

which follows from conditioning on the size and time
of the first claim; see, for example, (40) on page 69
of [25].

Thus, applying (20) and (21) to (22), we have

ψe(u) ∼ Cee−κ0u as u → ∞, (23)

and

ψe(u) ≤ α

cκ0
(m(κ0) − 1)e−κ0u, u ≥ 0, (24)

where Ce = (α/cκ0)(m(κ0) − 1)C0 and m(t) =∫ ∞
0 etx dP(x) is the moment generating function of

the claim size distribution P. Like the case in the
Sparre Andersen risk model, the constant Ce in the
asymptotic formula (23) is also unknown. Further,
the constant (α/cκ0)(m(κ0) − 1) in the Lundberg
upper bound (24) may be greater than one.

The Cramér–Lundberg approximations to the ruin
probability in a risk model when the claim number
process is a Cox process can be found in [2, 25, 38].
For the Lundberg inequality for the ruin probability
in the Poisson shot noise delayed-claims risk model,
see [3]. Moreover, the Cramér–Lundberg approxima-
tions to ruin probabilities in dependent risk models
can be found in [22, 31, 33].

In addition, the ruin probability in the perturbed
compound Poisson risk model with diffusion also
admits the Cramér–Lundberg approximations. In this
risk model, the surplus process X(t) satisfies

X(t) = u + ct −
N(t)∑
i=1

Xi + Wt, t ≥ 0, (25)

where {Wt, t ≥ 0} is a Wiener process, independent
of the Poisson process {N(t), t ≥ 0} and the claim
sizes {X1, X2, . . .}, with infinitesimal drift 0 and
infinitesimal variance 2D > 0.

Denote the ruin probability in the perturbed risk
model by ψp(u) and assume that there exists a con-
stant R > 0 so that

λ

∫ ∞

0
eRx dP(x) + DR2 = λ + cR. (26)

Then Dufresne and Gerber [12] derived the following
Cramér–Lundberg asymptotic formula

ψp(u) ∼ Cpe−Ru as u → ∞,

and the following Lundberg upper bound

ψp(u) ≤ e−Ru, u ≥ 0, (27)

where Cp > 0 is a known constant. For the
Cramér–Lundberg approximations to ruin probabil-
ities in more general perturbed risk models, see [18,
37]. A review of perturbed risk models and the
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Cramér–Lundberg approximations to ruin probabil-
ities in these models can be found in [36].

We point out that the Lundberg inequality is also
available for ruin probabilities in risk models with
interest. For example, Sundt and Teugels [40] derived
the Lundberg upper bound for the ruin probability
in the classical risk model with a constant force
of interest; Cai and Dickson [5] gave exponential
upper bounds for the ruin probability in the Sparre
Andersen risk model with a constant force of inter-
est; Yang [46] obtained exponential upper bounds for
the ruin probability in a discrete time risk model
with a constant rate of interest; and Cai [4] derived
exponential upper bounds for ruin probabilities in
generalized discrete time risk models with depen-
dent rates of interest. A review of risk models with
interest and investment and ruin probabilities in these
models can be found in [32]. For more topics on the
Cramér–Lundberg approximations to ruin probabili-
ties, we refer to [1, 15, 21, 25, 34, 45], and references
therein.

To sum up, the Cramér–Lundberg approximations
provide an exponential asymptotic formula and an
exponential upper bound for the ruin probability in
the classical risk model or for the tail of a com-
pound geometric distribution. These approximations
are also available for ruin probabilities in other risk
models and appear in many other applied probability
models.
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