Hierarchical models for
disease mapping

The analysis of disease rates or counts from small
areas often involves a trade-off between statistical
stability of estimates and geographic precision. Detec-
tion of locally elevated risk or rates requires geo-
graphically small units to distinguish local risk/rates
from area-wide values. On the other hand, smaller
regions result in rate estimates based on smaller pop-
ulation sizes. For a rare disease, small population
sizes result in particularly unstable rate estimates.
The statistical literature contains various methods of
combining information or ‘borrowing strength’ (see
Shrinkage) between regions to achieve local rate sta-
bilization without losing geographic resolution.

The most common approaches involve hierar-
chical models with random effects (intercepts) for
each region. The use of random effects presumes
that regional rates are drawn from some com-
mon superpopulation (or superpopulations) of rates,
and allows the analyst to combine information
from several regions. The resulting estimates typ-
ically involve a weighted average of the specific
region’s crude rate and the rates from other regions.
Manton, et al. [23] offer a maximum likelihood
approach. Tsutakawa [31] considers an approach
based on normally distributed logits of disease
risk in a Bayesian setting. Both approaches result
in a compromise between individual regional esti-
mates and the overall disease rate observed in all
counties. Clayton and Kaldor [10] introduce hier-
archical models and associated empirical Bayesian
inference for region-specific standardized mortal-
ity/morbidity ratios (SMRs) which allow spatial cor-
relation between neighboring regions. Besag et al. [5]
extend these to a fully Bayesian setting using Markov
chain Monte Carlo algorithms. Kaldor and Clay-
ton [19] provide a conceptual overview of empirical
Bayes methods, while Clayton and Bernardinelli [9]
and Mollié [24] provide thorough introductions to the
fully Bayesian approach (see Bayesian methods and
modeling. The Clayton and Kaldor [10] and Besag
et al. [5] models motivate much of the recent disease
mapping literature and these are detailed below.

Typical disease mapping data contain observed
(Y;) and expected (often age-standardized) disease
counts (E;) for subregion i, i =1, ..., I, where the

I subregions partition the study area of interest.
The maximum likelihood estimate (MLE) of the
SMR for region i is Y;/E;. The first stage of
the model presumes a Poisson distribution for the
regional counts, conditional on log relative risks (u;)
associated with each region i, i.e.

Yilwi 2 poisson [E; exp(ui)],
i=1,...,1 (D

(The reason for considering log relative risks becomes
apparent below.)

For the second stage, Clayton and Kaldor [10] con-
sider a variety of prior distributions for exp(u;). In
the simplest case, we assign a conjugate gamma dis-
tribution with scale parameter « and shape parameter
v (i.e. mean v/« and variance v/e?). This yields a
negative binomial distribution for Y;, unconditional
on the exp(u;)s, providing posterior expectation

Yi+v
Ei+«
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Clayton and Kaldor [10] provide an iterative algo-
rithm to obtain MLEs & and ¥, which, when sub-
stituted into (2), yield closed form empirical Bayes
estimates of exp(u;),i =1,...,1. The form of (2)
indicates the compromise between region-specific
data (¥; and E;), and overall population parameters
(a and v).

Sometimes the data also include covariate infor-
mation for region i, denoted by the vector x;. In
such cases, Clayton and Kaldor [10] propose a log
normal second stage (see Lognormal distribution)
as an alternative to the computationally convenient
gamma prior, and consider the addition of random
effects resulting in posterior estimates compromis-
ing between a region’s SMR and that of its spatial
neighbors using a prior based on conditional autore-
gressions [3]. Besag et al. [5] expand the approach to
include influence of both the overall disease rate (in
the entire study area) and that of the spatial neigh-
bors within a fully Bayesian setting. In this case,
one replaces u; by a linear combination of covariate
effects and random effects, i.e.

i =XiTﬁ+ui + v (3)

where u; and v; denote random effects (intercepts)
measuring spatial similarity and excess heterogeneity,
respectively.



2 Hierarchical models for disease mapping

One typically assumes independence between u
and v, and models excess heterogeneity (i.e. overdis-
persion, extra-Poisson variation) through a set of
exchangeable priors for the v;s, e.g.
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To model spatial similarity in residuals, Clayton
and Kaldor [10] and Besag et al. [5] assign an
intrinsic autoregressive structure for the set of u;s.
Specifically, we define the prior distribution of each
u; conditional on the other uj, j # i, as

D it 1
2o A )

i=1,...,1 5)

ujlujz; ~N

where the w; js denote weights defining which regions
J are neighbors to region i (by convention w;; = 0,
for all i), and A denotes a hyperparameter controlling
how similar u; is to its neighbors. Typical applica-
tions consider adjacency-based weights where w;; =
1 if region j is adjacent to region i, w;; = O other-
wise, although other options appear in the literature
(e.g. [7D.

Several features of the set of spatially autoregres-
sive priors merit attention. First, Besag [3] shows that
the collection of conditional distributions uniquely
defines a corresponding multivariate normal joint dis-
tribution. However, the choice of adjacency weights
leads to a singular precision matrix in the joint dis-
tribution, so that the spatial similarity implied by the
conditional distributions does not translate directly
into a model of spatial correlation [4]. Secondly, such
priors are improper, since they only define contrasts
between pairs of u;s, but the inclusion of any informa-
tive data (through the likelihood function) results in a
proper posterior (see [6, p. 11]). Thirdly, in order to
allow identifiability of an intercept in xiTﬂ, one often
adds a constraint Z{:l u; = 0. Besag [3], Besag and
Kooperberg [4], Besag et al. [5], and Cressie [12,
pp- 407-408, 410-423], provide detailed discussion
of conditional autoregressive structures.

One completes the hierarchical model by defining
vague priors for the regression parameters B, and
proper hyperprior distributions for hyperparameters
T and A. In practice. conjugate inverse gamma
distributions are popular, and Ghosh et al. [15] and

Sun et al. [29] discuss restrictions on parameters for
these hyperpriors to ensure posterior propriety.

The model is clearly overparameterized by includ-
ing both u and v (two random intercepts for each
region) so the likelihood will only identify their sum
(u; + v;) for each region, although the nature of the
prior distributions allows posterior identifiability ([8],
p- 308). A related research question involves deter-
mining a ‘fair’ assignment of prior variability for ©
and A to avoid prior overemphasis on the role of the
global or local rates, a question complicated by the
marginal nature of T and the conditional nature of
AL, 7, 13].

Inference proceeds via Markov chain Monte
Carlo algorithms providing the analyst with sample-
based posterior SMRs, counts, and rates. In addition,
Conlon and Louis [11] and Stern and Cressie [27, 28]
consider inference for ranks and extremes of regional
rates based on related models.

Recently, several authors have provided spatio-
temporal extensions to the approaches outlined above,
allowing temporally evolving spatial structures [2,
17, 20, 21, 30, 32, 33] (see Hazardous waste site).
Knorr-Held and Besag [21] in particular provide an
insightful discussion of the interpretation of random
effects u and v as residual patterns in the data,
after accounting for standardization and covariate
effects. These random effects often act as surrogates
for unmeasured (perhaps unmeasurable) covariates
missing from w; (the linear collection of covariates
in region 7).

Though popular, the hierarchical models outlined
above are not the only solutions to the inference
problems associated with disease mapping; see [14,
16, 18, 22, 25], and [26]. See also the discussion by
Best et al. [7] for inferential problems, related topics,
and alternative approaches.
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